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SEQUENTIAL LIFE TESTS IN THY EXPONENTIAL CASE

by

Benjamin Epstein and Milton Sobel
Nayne University and Cornell University

1. Intreducticn and Summery

In this paper we describs sequaniial life test procedures, is
in a recswt paper / 3_] devoted to non-sequential methods we considsr the
special cass in which the unds:iying distritnition of the length of life l»
given by the expenential densisy
(1) £(x,0) = % .-xfe’ x>0
whise ine unkrown parsmetes 6 > 0 can be thought of physically as the nesu
life. Our primary aim 13 to test the simple hypothesis ﬁoz Q= e° against
the simple alternative Keo= F.'l (9° > 2 ) with type I znd II errors equal
to presssigned values a and B respectively, The test is carried out by
drawing n items 4t random frez the population and placing tiem all on a life
tezt, Ws ccnaider bdoth the replace=ent czase, in which falled items ars
impediately rspleced by rew items, and {he non~replacemsnt case,

An irkeresting festire of the tests i= thut they can be terminatod
ailwrs times wilth rejecilion of ﬁ‘ or at any time betwveen
failures with acceptance of Ho. Since abmerrally long irtervals beiween
Jailures fumish "information" in favor of H, and abnormally slort irtervals
furrish "informtion” in favor of Hy; the above features are mot only

reasonable but actua’ly cesrirebls, These feutures were poirted out in
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/[ 4J. Sicilar problems inwlving a catimous tiwe parameter Lave
recently appearsd in /27 and /5 /.

In this paper we obtain iikslihood ratio tests, give formulse for
the 0.C. curve, for the expeciad mumber of falliuras Ee(r) and ths expecied
waiting time Ee(t) bafore a dscision iz reachsd. In the replacament cese
whers the mamber of items an test throughaut the experiment is the same,
namely n, it is shown that E(t) = gne(r), A table giving values of L(8),
Ey(r) and Ey(t) for certzin choices of i.: , G, and B8 is given for the

%

replacemert case,

2. Basic Formulae

Wald's work on ssquentiel analyois /7 7 can be used virtually
without modi fication in a situation wvimre decisiona i made continucualy.
In fact, in a truly continuous sit:ation, Wald': formulae bscome ixact
since there i then no excess over the boundary. It will become olear ae
we procesd, that in the problem at hand, the sitmetion can be L srmed semi-
continuwus {(not to be confused with the concerti of the same name ir real
variable th.ory) szince there is no excess over the boundary used for
accepting Ho’ but thers will in gensral be some exce2s over the bourcary
used in accepting Hl“

Let us assume that the wderiying p.d.f. is (1). n items are
drawn a2t random frem {3% .nd pl-<2d on 1life test, We wish to test
HO: 9 = 9, against le e-el\dthtypo I error = a and type 1II = 8,
Irforzetion 1s available coniinuously and it is readily verified that &
centinuous anziegus of the sequential probabdlity ratio test of Wsld can be

used, The decigion ss {ime unfolds depends en

I 2 N T YR
(2) B(@)r ™ (gi gz}V(t) < &,

-~iart,
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whero B and A are constats, depeidiig ou o and §, such that B<1 < A,

The decision to cantinue experimemtation is made as long as the inequality
(2) holds, If, at the tizs th» experiment is stopped, the first inequality
in (2) is violated ws accept Hy; if the second inequality is viclated, we
accept Ky, As in Wald's case the test obtained by sstiing B = —2—

l-a
Ae Lf;ﬁ is 2 satisfactory selution of the wobl-(l) fron a practical

point of view,

V(£) in (2) is a statistic which csn be interpreted as the total
life observed up to time t. In tiw replacemsnt case
(3) V(t) =nt,

(1) It haz _sen psinted out by liald that in order to have a test of exacily
strenzth (a,B), A and B in (2) shmuld be replaced by A* and B, whsre
A < i: and B 2 % o In the present case, duc to the fact that

-

informwation is available continuously in ¢ims, we lnow that
g

* =B e s> aince accoptance of Ho involves no excess over the

B

bouncdary. Howasver, acceptance of Hl does in germral entail @ pesitive
axress over the boundary, and all ws can say initizily about A" s that

it should lie between A9,/S, and A, Thus using A = -:E—’B inatesd of A"

is an appreximetion. The approximate test based on using A and B is
completely suitable since its stremgth (a',f?) is such that

a‘gc.,as_aﬂgig-, and a' +8'<a+B 7, pp. LS55 /. Since

o and R are gensrally amall (< .10 say), & procedure based on using A
and B provided essentializ the same protection agrinst errors of the
first and sesond kind as does & test based on A% :ud B¥, While ane
can, using formulae s [ 2_7, cosrata A" in such a wuy as Lo givse
exacily strenpgth (a,8), there sesms to be 1ittle rcason in most
practical prchlems for expending the time and eilfcrt irvelvsd.
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In the non-repiacesmsmt cass = V(t) is given hy

r : o
) ) - 4 \ { = * t___: )
(1) () = E (nte2)(xymx; o) ¢ (ner){tx ) = E xy ¢ (n-r)(tex},
where x, denotes the time of the ith failure (x, = O).
.
It is convenient, if one wishes te graph the data continucusly

in time, to 'rite {2) ir the fem
(5) -h1+==<7(t)<h.‘n

were ho’ hl’ and s are positive comstants given by

%
) - log
(6) hoﬂ logB_' hl" leg A , - al_c
L_ 3 i _ 1 i _ 1
% 8 5§ 55

Further it can be showa as in /7, pp. #8-50_7 thot the 0.C. curre, i.e.
the probehliity of accepting H° woen 9 is the true perameter value, ic

aporoximately ziven by a peir of parametric equations
,\ h
°
:'/ -1 -1

R -

(7) L(e)-f;..:.‘;.. B = st
&= i - )
S 8/

by letiing the paramster h run throagh all rezl values,

(2) In ths non-repiacement case it may happen that no decision has been
reache’ by the time ¢t = x , when all n items have failed. This will
then r:juire that we eith¥r put mcre ftems on test and wait until (2)
is vic ited or else have a rulas which will tell us how ts termirate
the sxz.iment and with what decision at b = x,. Fartunately n ic often
at our dispesal and =¢ can bs chosen sufficientlyr large so thlst the
probability of r2aching no decision Ly time is negliogible. ror lar_z
enough n, it really makes very little difference how we truncate exneri-
mentzilon, Ve couid. =.7., 2dopt the rule that Hy e accepted if ()
is srtisfied forall t £ e

-
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The value of L{9) 2t the five pointz 9= 0, @, &, 8 and o
enables one to sletch the entire curwe. These values are respectively O,

B, log A/(i9g A - log B), 1<, and 1,

We now give, in terms of L(6), a formula for Ey(r), the exrected

number of observations required to reach a decision when © is the trus

parameter value. Since the logaritlm of the middle expression in (i) is

eithzr 1oz B or Jog A at the time sxpsriment ation stops, we have, neglecting

only the axcess over leg A,

g
(8) Eg(r) log é - Eg(V(t)) {Uli - éi]ze(v(t,))vr,(e) log B + [1 - L(9)] 20 4.

It is rrovsd in the next section that
(9 E(V(t)) = 0 By(r).
Henice we hgve from (9) ard (10)

(1) 108 B + {1 - 1(8)] 10 & _ By - LON(y + 1y)

9
% Y

}
13 Y4
0) Fo(r)¥{ _iogAlegB b b ror &
- - or -8

_ (5

17 we let k = 9,/8,, Ee(r) becoms particularly simpis when
6 =8,s, cr0,. The reault is

(11) ' Eel(r)ﬂ[e leg B + (1 = 8) les .l.}l,/ceg X+ (k- l;‘j

F’l(r)hl- 1og A log B/(log k)z

Eee(r)ﬁ'{(l ~a) leg B ¢+ a log A}._/ér.-g ¥ - (k ‘="1.?j

for

a

<

¥ a2
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table 1 we give Eg(r) for the five values 9 = O, 6,, 5, 6,,00,

four values of k(3/2, 2, 5/2, 3), and the four ramber pairs (c,B) +hich can

ar

%o =ade with tht nmbers .01 and .05,

3. A basic idesitity

In this section (9) is derived, While this resuit can be cbtained
a3 a consequence of a theerem of Doob on comtinuous naramster rartingalssz
1, p. 376_], it seems desirable to give a simpler proof, We shall consider
the repiacemsnl case, where V(t) = nt, although the proof can be trivially
modified s0 23 to held in non~replacemermt and truncct:d situatiens,

In the meplacemnt case ($) becames

(12) Eg(t) = B (r)

B0
°

Thus we are rslating expected waiting time to rsach a decision to the

expacted nu. .er of failures,

Te pravs {12) 5 irireduce a "larsze" integer N and let Ry

denote the time of the Nth fallure, ILsi t derote the (first) time szt
! which the inemslity {(2) is violated or Xys whichever comes sooner. Then

W@ tan write

(13) oty (g =0 vy = xy) v gm0

We either accenpt Hl befcre X in which case t ~ Xpy T acrapt Ho Potoro
Xy; in which case = <t < Xpne3: T teke no sctiorn befors xy, in which

i case t = xp and v = N. Since N is fived in advance
- 8
{5 ol - e
{ia) | E{zy) = K 5

Purther it is easily verified ¢that tho (N-r) randowm varisbles
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(xr-*l - %), ';"%42 = r\."*l)' Sk (x! - %_‘1) are independently and

/
identically distrituted with the axporential deraity 5 @, x >0,
Hence if we take the expectation of “oth sides of (14), first holding r

fixed and Lhen taking the expectation with respect to r, we obtain

(15) B2 e Eg(eyny o [ - Ee(r_;}l‘_)] 2
or e
{18) Eg(43E) = ZolriH) = .

Pormula (16) heids for all N, Fsr N—2'» ths probability of coming to a

decision before x tsnds o mnity. Horsover as N—yeo
(17) Bo(rsF) T Eg(r)  ama  Eg(e;8) T Ky(2),

vhsre Eg(r) and Es(t) are respestively the sxpecizd number of fallures and
axpacted weiting time to reach g decision if N = oe, Thus it feliovs,

letting R—pso, thst {16) becomes
e
(12) Eg(t) = 25(r) 5 &

The non-replacemsnt cass can be treatod in axsctly the sms way,.

™is is becsuse
18) V(x,) = V(t)+(n--r}(xr'l-—t.)O(r.-r-l)(x‘_’Z-xﬂl) +oees * <xn"xn~1)°

As before, t = x, if Hy is accepted; X, <t< Xpeys 1L¥ Hy is accepted;
and t = X, if no decisicn is reached by the time all n itams have f:11.C.
The last {n-r) components cn the right-hand sids of (18) are mutually
indepsndent randas variabies, each distributed with the p.d.f. (1). Thus

it Yollows as in the revlacement case that

(19) Eg{7(t)sn} = & Ty(rin).
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As n increcses, Ey(r;n) 1 Ey(r), the expected mumber of failurs in reaching
a decision in the repizcemsnt case. Thus no matter how we decide to terminate
exparimentation E (Y(t);n) can be replaced by ze{‘](t)) = 8 Flr), when n is
large., In p::ctice, for ".arge" n ons could take n >3 mgx Ee(r)o

Remark: It should be noted t.hat while we can ralate expected waiting time
to the oxpected rumber of failures in the replacement casze by (12), (19)
relutes sxpected total 1ife (not waiting time) to the expected number of
failures in ilie non-replacemmnt case, Actually one has to know the
probability discribuiion of r in erder to caumpute Eg(t) exactly in the non-

replacexent case, It can be shown, in the non-replacement case that the

n
(20) Zg(t) = }51_ Pr(r = k|8) Eg(X, ),
vhers Ee(lk’n} = Q %::1 1/n-1+1, In ths replace=nt cass oins has
(analepgous to (20)) the formula
De
(201) B (t) = 2 Prir = k{6) Eg(%, ),

shere n is the sample zize maintained throughout the experiment and

Be(lk n) = k8/n. Thus, in the replicesmnt case (20') clearly becczes (12),

W .,

{20) is valid for a1} 1i%¢ test procedures which involve non-replacement.

Similarly (') holds for all(h) 1ife tust procsdures, where items which
fail are repleaced,

(4) 4i.e., for truncated or untruncated, sequential, or any similzr
procedure, 0Of course the probablility distrilution of r does dejwnd
on the procedure which is followed. In /6 7 explicit formulae for
Pr(r = k|8) are worked cut for three procsdirsa.
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. Num: 1ical examples

vetiem : Find a sequential replacemsnt procedure for testing

1o7 8 7500 hours azainst #;: € = 2500 hours with @ = 3 = .05, The
constar rumber of items under tert is n = 100,

3olutici . In thin case (2) becomes

1 T -Y)/30
E <35 o < 19,

where Vi) = 100t hours,

Prodle i: Compute B (r) and E,(t) for 8= 0, %, », 6,, ard =0
Solutio: - From table 1 we can read Eg(r) for this case, since k = & /8, = 3
and 0. = = .05, For ©=0, 8 (= 2500), s (= 4115), 8_ (= 7500), 0O
respact <=1y we have Ee(r) =3, 6,1, 7.2, 2.9, O, Ee(t.) is found most
sasily ©  the replacement cuse for all values .7 8{¥oo) by using (12),
Eglt) = Ee-(r"o Taus we get for 8 = G, 3y, 8, 9, respectively, E,(t) = O,
£r, 7" 0, Far 8= o0 the sxpected walting time to reach 2 decision

L ~i00tee/3730 : )
is give. Y L e ; vhere e - 15 ° Thiz gives t . = E 5 {t) ~ 110,

-9° log B
Remark: ‘ore gemerally, in torms of B, =, 6., and k, t__ ® — <
nik - 1)

This me:~3s that 1f no iftems fail by time L, stop experimentation at t
#ith zecsptence of He‘

Problem . Assums that we ere testing the hypuihesis in Preblzz 1, A
sarpls | sizas 100 is rlaced on test, Itemas which fail are replaced by

aev iter . drawn frox the same lat, The sxpariment is started ab time t = O,
The fir - fillure occurs at x = 20.1 hours, the cocond fatlure 2f

x, = 1¢ § howrs, the third faliure at X3 = 121,7 hourz, the fsurth failure
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al oy - 16'%.4 hours, the fifth fallure at xg = 179.2 hourd,  Lhin biwss ars
messured frca t = 0.)
(a) Veriiy that ro decision has besn reactwmd by tine Xgo
(b) Ve keep waiting for the sixth failure and note that it has net yet
occusT=d &t 287,5 hours (tizs measured frvm t = 0), Veriiy thos we
can stop sxperimentation st time t = 287,5 with the anceptence of H.c
Selution: It can be readlly veriiiad that in thia case (5) becomss
-1C0 + 37.5r < £ < 100 + 37.5r. This region i{s drawn in Figure 1. The
Jife test data are piotted on the figurs L7 movink vertically so long ax
ws are waiting for the next failure to occur and moving horizontilly by
one unit {in r) at each fzilure time. Clearly the path crosses into the
rogion of accsptance, when ¢ = 5 2% time t = 100 + {37.5)5 = 287.5. Simce
Yhe sixth failure has not yet occurred we can stop axperizentation at
t = 287.5 wvith the acceptance of H,.
Remark: As a matter of fact we happen to know in this case that the sixih
failure occurs at x¢ = 336.7 hours, Thus we suved 346.7 - 287.5 = 59.2 hours

by observing the 1ife test comtimiously in tims,

Fretlem &: The first ssven fallure 4imss in & sampls of 100 (with replace-
ment) are 3 =133, Ry 45.8, 7y = L9.9, x " 96.7, xg = ii5.2,

X5 = 127.7, =" 131.2. Verify thxt i€ the hyoothsacs bei.g tesied are
thoss in Problem 1, then H, is rejscied at tioe z, = 131.2 hours,

Solution: See Figure 2,

Pemark: Nots that while the decisinn in Froblem 3 is mads between x5 and x,,
the dacision in Prokiem 4 is made at the failure time Xeye Also tlere iz an

axcnss over the boundary,



R

M .

-l et - ———

Preblem 5¢ Find a truncated {non-ssquential) replacemnt procedurs for

" testing the hypothesis in Probdlem 1. Use corstant sample size n = 100,

Solution: From results in / 6/, it can be verified that Lhe truncated
replacement rmcedure mecting the requirements s as follews:

I =infx .im.sj = 407.5, truncate the experiment at 407.5 with
acceptance ol H.. 1r "”[‘.\0’ 507, 51 * o truncates exverimentation at
:10 with zecugtance of Hl. The U.,U. curves of this test procedure and the

one in Prob’ i I gre essertially the sawe,

Pritlem 6: Compute Eg(r) and Eg(t) for the plan in Freblez 5 ter

e=0, 81, 8. eh,eﬂ .

Selution: From results in /6_7, £ (r) =10, 9.93, 8.75, 5.39 O,

Eg(t) = gr.e(r)o For 8=0, 0, 8, 6, 90 respectively, Et) = 0, 248,
360, L0L.5, 407.5 respsctively,

Remark: In Figures 3 and 4 we compare the Eg(r) and Eg(t) curves for
Prodlacs 2 o2 6. This will give some idea of the savings in the expectad

nuaber of failures and time %c reach » decizion,

-8, log B
o
Selution: &, = " --)- = 230, This is about twica th- value of t
nlk - 1
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Table )

Valuee «.f _wm_?v ‘or sequentiz) tests for various values of k = 8 O\mu. ard a, P

k= oo\ m..r = 3/2

a=,01 a = .05
-] n .0 .05 .01 .05
0 b U 1 7 7
9 62 60 _; L 3
s 128 a3 8 53
& | B | A bk | 28
oo 0 0 c 0

as= .01 a = ,05

ﬂ 02 0% 01 <05
Y 5 5 3 3
9 il 1, 9.2 8.4

s 25 16 16 10
8, .71 5.0 T.2]| 4.5
o 0 ) 0 0

k= OO\mH -2
a = o.S. a = 05
N ™
/ OOH. ._om OOP 00“
0 gl 2 I u |
o |3 |2 fl1s | w
2 Lh 28 28 18
Q. u_vm 00“ _ g mom
oo | 0 0 (o] s
k=6,/8 =3 :
¢ » .0 a = .05 M
]
.01 .05 ,01 .05
0 I [ 2 3
Ou. 10 10 6.7 6,1 |
s 8 11 1 7.2
QO moo_ 3.2 bo? 2.9
o0 (o} 0 9] 9

PR ']

R,
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ok / Sequentinl with replaczmnt test ef
L -, ~- Hy,: @ = 7500 hours
120 / j’ [ sgainst
!‘ : 10 r- . / H: 91 = 2500 hours
/ a=~f = .05
m —
n = Ssaple sizs = 130
AT
M /
o)
H /
OL 1 1 4/1 4 1 L Eok 1 1 i J ] 1 [
2 3 & 7 8 9 10 13 2 13 W id> 16
: r = number of failurvs
] .
é Figurs 1: Craphical trsatment oi catz in Frolidsa 3,
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Figure Z:

L :
i i3 % 15 16

r = nber of falliursse

Ciaphical treatment of data iu Probism 4.
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